Using a simple thermo-hydrodynamic model, we analyse qualitative features of acoustic oscillations in the photon-baryon fluid before decoupling. We employ the causal thermodynamics of Israel and Stewart, which removes the pathologies of the standard, non-causal theory, and which provides a more satisfactory hydrodynamic approximation to kinetic theory. Causal thermodynamics introduces small corrections to Weinberg's dispersion relation. A dissipative contribution to the speed of sound slightly increases the frequency of the oscillations. The diffusion scale, below which perturbations are effectively wiped out, is slightly decreased by the causal corrections.
I. INTRODUCTION
In a previous paper [1] , we developed a general formalism for incorporating causal thermodynamics into perturbation theory, thus providing a self-consistent approach to density perturbations in dissipative cosmological fluids. Our formalism is based on the covariant perturbation theory of Ellis and Bruni [2, 3] , and the covariant causal thermodynamics of Israel and Stewart [4] . In this paper, we apply the general formalism to the case of viscous damping of density perturbations in the photon-baryon fluid. Our aim is to provide a simple, but consistent and covariant and causal, model of the effect on density perturbations of the Thomson interaction between photons and electrons before decoupling. This effect has been comprehensively analyzed via detailed study of the Boltzmann equation (see e.g. [5] [6] [7] [8] [9] ). Dissipative hydrodynamics provides a simplified alternative to kinetic theory analysis, that can illuminate some of the key physical effects without the same level of detail and complexity. Such an approach was applied by Weinberg [10] , who derived expressions for the damping rate of density perturbations due to viscosity and thermal conduction. Weinberg neglected metric perturbations, which is not unreasonable on subhorizon scales. We do not neglect metric perturbations, and use a fully general relativistic perturbation formalism. More importantly, Weinberg's analysis of dissipative hydrodynamics is based on the standard relativistic generalization of Navier-Stokes-Fourier theory due to Eckart. This approach, and an essentially equivalent approach due to Landau and Lifshitz, suffer from the pathologies that they are non-causal and all their equilibrium states are unstable [11] . We generalize Weinberg's approach by using causal thermodynamics.
In addition to constructing a simple and transparent yet self-consistent model of photonbaryon perturbations, we aim to find the differences that arise from the causal correction and generalization of standard dissipative hydrodynamics. It turns out that the relaxational effects which are incorporated into the causal transport equation, but which are neglected in the non-causal theory, have a small but interesting impact. The sound speed, which determines the frequency of acoustic oscillations for each mode, acquires a positive dissipative correction. This produces a small increase in the frequency of acoustic oscillations on each scale. The viscous damping rate found by Weinberg [10] also acquires a positive correction, leading to a small decrease in the diffusion cut-off scale.
For simplicity, since we are interested in qualitative features rather than specific numerical predictions, we assume a flat background universe with negligible non-baryonic content. We treat the mixture of baryonic matter and radiation as a single dissipative fluid, with dissipation arising from the growing mean free path of photons in their Thomson scattering off electrons. We consider the era between matter-radiation equality and decoupling, neglecting the matter pressure. Dissipative effects are expected to be greatest near to decoupling. We will also neglect thermal conduction for simplicity, while the bulk viscous stress is necessarily negligible since the fluid is in the non-relativistic regime. Thus the dissipative effect of photon diffusion is reduced (within a radiative hydrodynamic model) to a shear viscous stress π ab .
In non-causal thermodynamics, this shear viscous stress is algebraically determined by the shear σ ab via [10] 
where η is the viscosity. The implicit instantaneous relation between the cause (shear, i.e. anisotropic expansion rate) and the effect (anisotropic stress), is what underlies the pathologies of the theory, i.e. that it admits dissipative signals with infinite wavefront speeds and that its equilibrium states are generically unstable. In the causal theory, the stress is no longer algebraically and 'instantaneously' determined by the shear, but satisfies an evolution equation in which there is a time-lag between cause and effect [4] :
where τ is the relaxation time-scale. This causal transport leads to a subluminal speed of viscous pulses, and introduces small but interesting corrections to Weinberg's dispersion relation.
Causal thermodynamics has a solid kinetic theory motivation via the relativistic Grad 14-moment approximation to the Boltzmann equation [4] . This approximation effectively restores second-order non-equilibrium terms in the entropy that are neglected in the relativistic Chapman-Enskog approximation [12] , which leads to the non-causal theory. Thus causal thermodynamics provides a more satisfactory and less incomplete hydrodynamic approximation to kinetic theory than the standard non-causal theory. The differences are greatest for high frequency phenomena, on scales comparable to the mean free time or path, when the Chapman-Enskog approximation breaks down, while the Grad approximation remains valid.
We follow the notation of [1] . Units are such that c = 1 = 8πG, except where numerical values are given in specified units. The present Hubble rate is H 0 = 100h km/s/Mpc.
II. CAUSAL VISCOUS PERTURBATIONS
Ref. [1] contains a general discussion and general covariant perturbation equations for causal dissipative hydrodynamics in cosmology. In the interests of brevity, we will not repeat here the derivations and motivations of [1] , but simply quote the results as they are needed.
In the era between matter-radiation equality and decoupling, the mixture of photons, baryons and electrons is treated as a single dissipative fluid, with dissipation due to photon Silk diffusion [13] . The baryons and electrons are tightly coupled, culminating in their recombination, while the photon coupling to baryonic matter through Thomson scattering weakens as the mean free path grows. We assume for simplicity that there is no non-baryonic cold dark matter. We also assume negligible thermal conduction and particle flux , so that the particle and energy frames coincide [4] , and we can choose the fluid four-velocity u a (where u a u a = −1) as the four-velocity of this frame. The bulk viscous stress is negligible, since the fluid is non-relativistic.
The fundamental quantity in the covariant approach to density perturbations [2] is
where D a is the covariant spatial derivative, a is the background scale factor, and
is the comoving fractional energy density gradient, which is a covariant measure of density inhomogeneity. The total energy density ρ = ρ B + ρ R is made up of baryonic and radiation parts, and δ is the density fluctuation scalar for the photon-baryon system, considered as a combined single fluid. Covariant entropy perturbations in a single dissipative fluid model (as opposed to a 2-component model), are sourced by heat flux and bulk viscous stress, and shear viscous stress has no effect to linear order (Eq. (18), [1] ). If, as we assume, the initial entropy perturbation is zero, there are therefore no entropy perturbations.
1 Then δ satisfies the evolution equation (Eq. (28), [ 
where an overdot denotes the covariant derivative along u a , H =ȧ/a, w = p/ρ, with p = p B + p R the total isotropic pressure, and c 2 s =ṗ/ρ is the adiabatic sound speed. The shear viscous source term is given by (Eq. (32), [1] )
where the covariant shear viscous stress scalar is
The viscous transport equation (2) leads to the following evolution equation for S (Eq. (46), [1] ):
Equations (4)- (6) form a coupled system that governs the evolution of density perturbations with causal viscosity. The thermal energy of matter is much less than the rest mass energy after the epoch t e of matter-radiation equality, so that p B ≈ 0, and then p ≈ 
for a > a e . To a reasonable approximation (sufficient for the purposes of our simple model), we can neglect these quantities relative to 1 in the round brackets in equations (4)-(6).
Furthermore, since w ≪ 1 and ηH/ρ ≪ 1, we can neglect the last term on the right of Eq. (6). We decompose into Fourier modes δ(t, x) → ∆(t, k) and S(t, x) → Σ(t, k), where k is the comoving wave number, so that the proper wave number is K = k/a. The proper wavelength λ = 2π/K is constrained by λ T < λ < λ H , where λ H = H −1 is the Hubble scale (above which thermo-hydrodynamic effects do not operate), and the minimum scale λ T is the photon mean free path for Thomson scattering:
Here σ T is the Thomson cross section and n is the free electron number density. Perturbations on scales below λ T will be wiped out by photon streaming (and the hydrodynamic model breaks down on these scales). Causal thermodynamics applies down to the Thomson scale, but the non-causal theory requires λ ≫ λ T . The damping effect of photon streaming operates beyond the Thomson mean free scale, since photon diffusion out of over-dense regions rapidly destroys perturbations below a critical scale, as shown by Silk [13] . The critical cut-off scale is the diffusion scale λ D , which is considerably greater than the Thomson mean free scale, as we will confirm below. Collecting the above points, and using the background Friedmann equation ρ = 3H 2 , the coupled system becomes
where we have defined the dimensionless expansion-normalized shear viscosity
and proper wave number
The relevant scales constrain K * by
Radiative shear viscosity due to Thomson scattering is given by (see [10] , and [14-16] for refinements using kinetic theory
3 Note that [14] claims a correction factor of where r 0 is the blackbody radiation constant, T is the photon temperature and τ T = λ T is the photon mean free time for Thomson scattering. The causal relaxation time-scale τ is by Eq. (2) the characteristic time taken for the fluid to relax toward equilibrium if the viscous 'driving force' were to be 'switched off'. Thus we expect τ is of the order of a few Thomson interaction times, and certainly below the characteristic diffusion time:
where
In the era we are considering, H decays approximately like a −3/2 , n decays faster than a −3 because of recombination effects, and T decays as a −1 . Thus to lowest order
where I > 0 encodes the growing effects of recombination on the number density of free electrons, the details of which are not important for our simple model. Using the standard numerical values [17] of t e ≈ 3 × 10 10 h −4 sec, redshift z e ≈ 2 × 10 4 h 2 , and present baryon number density n B ≈ 10 8 h 8 cm −3 , with the present baryonic (dark and luminescent) density fraction Ω B ≈ 1, we find that
Equations (9) and (10) govern the evolution of density perturbation modes within a simplified causal viscous fluid model. The system may be decoupled to produce a thirdorder equation in ∆. In practice we analyse the coupled system, but for completeness, the decoupled equation is τ∆ · + 1 +
III. VISCOUS ACOUSTIC OSCILLATIONS
The key features of the solutions are readily analyzed qualitatively, given the simplicity of our model. We assume that the coefficients in equations (9) and (10) are slowly varying, which is reasonable for small-scale modes. Then we can try a WKB solution of form ∆(t, k) = a −1 A(k) exp i ω dt and Σ(t, k) = a −1 B(k) exp i ω dt, where the scale factor terms remove the non-dissipative effects of expansion on small-scale modes, facilitating comparison with Weinberg's results, which neglect expansion. This gives
Non-trivial solutions require a vanishing determinant of the coefficient matrix, leading to the dispersion equation
In general, the solutions will have the form
where v is the (real) phase speed of oscillations and Γ is the viscous damping rate. Damping will be severe for scales λ < λ D , where the diffusion cut-off scale is defined by equality of the damping rate and the expansion rate, i.e. Γ(λ D ) = H. In the dispersion relation (24), we can neglect η * relative to 1 by equations (20) and (21) . Equations (7), (12) , (17) and (21) show that for the relevant small scales (λ ≪ λ H ), we have c 2 s K 2 * ≫ 1. Then the dispersion cubic may be written
where ω * = ω/H and τ * = τ /H −1 are dimensionless expansion-normalized variables. For the non-causal theory, with τ = 0, Eq. (26) becomes
where an overbar indicates a quantity in the non-causal theory. Eq. (27) has solution
SinceΓ/H < 1 for the scales that survive viscous damping, and c 
which agrees (when the isotropic pressure, heat flux and bulk stress are negligible) with Weinberg's special relativistic generalization of the Landau-Lifshitz result [10] . 4 The diffusion cut-off scale follows from Eq. (28) as
By equations (17), (18) and (20), the diffusion scale is well above the Thomson scale, although the ratio decreases with expansion:
Now we consider the causal corrections to Eq. (28) . From equations (15), (19) , (21) and (29), it follows that τ * ≡ τ H ≪ 1. We write ω * =ω * (1 + yτ * ), whereω * satisfies Eq. (27) , and solve the dispersion cubic Eq. (26) to first order in τ * . This gives
Thus the causal generalization of standard thermodynamics leads to corrections that increase the effective sound speed and damping rate. The latter increase leads to a decrease in the diffusion cut-off scale, which is determined by settingΓ ≈ H in Eq. (32):
IV. CONCLUSIONS
Our principal result is the causal generalization and correction of the sound speed, given in Eq. (31) , and of Weinberg's damping rate, given in Eq. (32) . The latter leads to a lower threshold for the survival of perturbations, i.e. to the reduced diffusion cut-off scale given by Eq. (33) . These corrections are small, but they indicate the refinements that would arise from a more complete kinetic theory approach, which involves far greater computational complexity. The qualitative features of the refinements are: (a) the appearance of a dissipative contribution to the sound speed of the photon-baryon fluid (consistent with the general theoretical results for perturbations of stationary fluids in flat spacetime [4, 11] ); (b) the scale-dependence of the corrections to the sound speed and damping rate; (c) the central role played by the relaxation time-scale τ , which provides a simple scalar encoding for the non-quasi-stationary effects of photon diffusion.
This paper shows that in principle dissipative hydrodynamics with causal transport equations can provide an economical alternative to kinetic theory models, with some additional insights into the nature and source of acoustic oscillations. Some of the qualitative features identified via the model are confirmed by numerical integration [20] in the special case c 2 s K 2 * ≪ 1. The simplified model used here could be refined, principally by incorporating thermal conduction, to produce an improved model that nevertheless will still be simpler than its kinetic counterparts.
Our model is part of a growing body of examples in cosmology (e.g. [21] [22] [23] [24] [25] [26] [27] [28] [29] ), relativistic astrophysics (e.g. [30] [31] [32] [33] [34] ), and other areas of physics (e.g. [35] ), 5 which show that interesting and sometimes significant physical differences can arise from the causal approach to thermodynamics. (A general overview is given in [36] .) Even if the causal corrections are small, as is the case here, they provide further insight into the physics, with the added advantage that one avoids the essentially unsatisfactory features of non-causal thermodynamics. The predictions of the non-causal theory are readily recovered in the appropriate limit.
